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:H KDYH VKRZQ WKDW WKHUH LV D WKUHVKROG OHYHO RI FDSDFLW\� DERYH ZKLFK WZR RWKHUZLVH

LVRODWHG PDUNHWV DUH H�HFWLYHO\ PHUJHG� ,W UHPDLQV WR H[DPLQH ZKDW KDSSHQV WR SULFHV DQG

RXWSXW OHYHOV IRU OLQH FDSDFLWLHV WKDW DUH EHORZ WKH WKUHVKROG OHYHO WKDW LQGXFHV WKH &RXUQRW

GXRSRO\ UHVXOW� ,Q WKLV VHFWLRQ ZH H[DPLQH FRPSHWLWLYH EHKDYLRU IRU PDUNHWV FRQQHFWHG E\

WKHVH UHODWLYHO\ ?WKLQ� OLQHV�

%\ 1DVK
V WKHRUHP� WKH IDFW WKDW D PL[HG VWUDWHJ\ LV D �UP
V EHVW UHVSRQVH LPSOLHV

WKDW DOO RI LWV SXUH FRPSRQHQWV DUH HTXDOO\ SUR�WDEOH� 6R ZH KDYH IRXQG D &RXUQRW�1DVK

HTXLOLEULXP LI DOO RI HDFK SOD\HU
V T
V DUH HTXDOO\ SUR�WDEOH DQG DUH PRUH SUR�WDEOH WKDQ

DQ\ RWKHU T� KROGLQJ FRQVWDQW WKH RSSRQHQW
V VWUDWHJ\�

(YHQ ZLWKRXW �QGLQJ WKH DFWXDO PL[HG�VWUDWHJ\ &RXUQRW�1DVK HTXLOLEULD� LW VHHPV

OLNHO\ WKDW WKH H[SHFWHG SULFH ZLOO GHFOLQH DV N LQFUHDVHV IURP ]HUR� :LWK D YHU\ WKLQ

OLQH� IRU LQVWDQFH� WKH H[SHFWHG SULFH PXVW EH YHU\ FORVH WR WKH PRQRSRO\ OHYHO� ,I LW ZHUH

QRW� WKHQ HLWKHU �UP FRXOG LPSURYH LWV H[SHFWHG SUR�WV E\ VLPSO\ DGPLWWLQJ LPSRUWV RI N

DQG SURGXFLQJ LWV RSWLPDO SDVVLYH RXWSXW DV D SXUH VWUDWHJ\� :LWK N QHDU N�� WKH ORZHU

ERXQG RQ SULFH SURYLGHG E\ WKH DOWHUQDWLYH RI SURGXFLQJ WKH RSWLPDO SDVVLYH RXWSXW LV

PXFK ZHDNHU DQG WKH PL[HG VWUDWHJ\ LV PRUH OLNHO\ WR UHVXOW LQ D ORZHU H[SHFWHG SULFH�

7KH GL�FXOW\ ZLWK �QGLQJ WKH &RXUQRW�1DVK HTXLOLEULXP LQ WKLV SDUWLFXODU PRGHO LV

WKDW HDFK SOD\HU FDQ FKRRVH IURP DQ LQ�QLWH QXPEHU RI GL�HUHQW SXUH VWUDWHJLHV �T
V�� $OO

WKDW ZH FDQ GR QXPHULFDOO\ LV DSSUR[LPDWH WKLV LQ�QLWH VHW RI T
V ZLWK D IHZ KXQGUHG

SRVVLEOH YDOXHV� VD\ T  I�� ���� ���� � � � ��J� %XW HYHQ ZLWK ��� T
V WKH YHFWRU WKDW JLYHV

WKH SUREDELOLWLHV RI SOD\LQJ HDFK SDUWLFXODU T ZLOO EH D ��� GLPHQVLRQDO YHFWRU� 6HDUFKLQJ

RYHU VXFK D VSDFH LV QRW IHDVLEOH VLQFH HYHQ ZLWK D IHZ SRVVLEOH SUREDELOLW\ YDOXHV WKH VHW

RI SRVVLEOH VWUDWHJLHV UXQV LQWR WKH ELOOLRQV�

,QVWHDG RI VROYLQJ IRU PL[HG VWUDWHJLHV DQDO\WLFDOO\� ZH FUHDWH DQ H�FLHQW VHDUFK DOJR�

ULWKP EDVHG RQ D OHDUQLQJ SURFHGXUH WKDW PLJKW EH DSSOLHG E\ WZR SOD\HUV DFWXDOO\ SOD\LQJ

WKLV JDPH UHSHDWHGO\� DQ DSSURDFK NQRZQ DV ?�FWLWLRXV SOD\���

� 6HH )XGHQEHUJ DQG /HYLQH� ����� FKDSWHU �� IRU D IXOO GHVFULSWLRQ RI �FWLWLRXV SOD\�
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7KH SURFHGXUH VWDUWV E\ DVVLJQLQJ HDFK SOD\HU D UHDVRQDEOH SXUH VWUDWHJ\� )RU H[DPSOH�

ZH FRXOG DVVLJQ HDFK SOD\HU LWV PRQRSRO\ TXDQWLW\ LQ D VLQJOH PDUNHW RU LWV &RXUQRW TXDQWLW\

ZKHQ WKH PDUNHWV DUH IXOO\ LQWHJUDWHG� ,Q WKH VLPXODWLRQV WKDW ZH FDUULHG RXW� WKH FKRLFH

RI VWDUWLQJ VWUDWHJ\ PDGH QR GL�HUHQFH LQ WKH DQVZHU WR ZKLFK WKH DOJRULWKP FRQYHUJHG�

DQG HYHQ SLFNLQJ D YHU\ EDG VWUDWHJ\ GHOD\HG FRQYHUJHQFH E\ RQO\ D IHZ LWHUDWLRQV� 6R ZH

DVVXPH HDFK SOD\HU VWDUWV E\ SOD\LQJ D VWDUWLQJ VWUDWHJ\� ZKLFK ZH FDOO 6�� 6WUDWHJ\ 6� LV

VLPSO\ WR SURGXFH T��

6WHS �� 3OD\HU � �QGV KHU RSWLPDO VWUDWHJ\ XQGHU WKH DVVXPSWLRQ WKDW SOD\HU � ZLOO DOZD\V

SURGXFH T�� 3OD\HU � SOD\V WKLV EHVW UHVSRQVH VWUDWHJ\� ZKLFK ZH FDOO 6�� 6� FRXOG EH D

PL[HG VWUDWHJ\ LQ WKHRU\� EXW LQ SUDFWLFH� DV ZH DSSURDFK D PL[HG�VWUDWHJ\ HTXLOLEULXP

�DQG GXH WR WKH QXPHULFDO DQDO\VLV WKDW WKH FRPSXWHU GRHV RXW WR �� GLJLWV�� WKLV ZLOO

DOZD\V \LHOG D VLQJOH PRVW SUR�WDEOH TXDQWLW\� 6� LV WKHQ D SXUH VWUDWHJ\ RI SURGXFLQJ D

FHUWDLQ T��

6WHS �� 3OD\HU � �QGV KLV RSWLPDO VWUDWHJ\ DVVXPLQJ SOD\HU � ZLOO DOZD\V SOD\ T� ZLWK ���

SUREDELOLW\ DQG T� ZLWK ��� SUREDELOLW\� &DOO WKLV RSWLPDO VWUDWHJ\ 6�� $JDLQ� WKHRUHWLFDOO\

6� FRXOG EH D SXUH RU PL[HG VWUDWHJ\� EXW D SXUH VWUDWHJ\ EHVW UHVSRQVH DOZD\V HPHUJHV�

7KLV UHVXOWV LQ SOD\HU � SURGXFLQJ VRPH T��

6WHS � FDQ EH LQWHUSUHWHG DV SOD\HU � DVVXPLQJ WKDW T� DQG T� DUH ERWK SDUW RI D PL[HG

VWUDWHJ\ EHLQJ SXUVXHG E\ SOD\HU �� ,Q WKLV FDVH� SOD\HU �
V EHVW HVWLPDWH RI WKH SUREDELOLWLHV

EHLQJ XVHG E\ SOD\HU � LV ��� IRU HDFK TXDQWLW\� 3OD\HU � WKHQ RSWLPL]HV ZLWK UHVSHFW WR

WKLV EHVW HVWLPDWH RI SOD\HU �
V PL[HG VWUDWHJ\� 7KLV SKLORVRSK\ LV QRZ VLPSO\ SXUVXHG

WKURXJKRXW WKH LWHUDWLYH SURFHVV� VR WKH JHQHUDO VWHS LQ WKH LWHUDWLRQ FDQ EH GHVFULEHG DV

IROORZV�

6WHS 1� 3OD\HU L� DVVXPHV WKDW DOO RI KHU RSSRQHQW
V SDVW SOD\V DUH SDUW RI D PL[HG VWUDWHJ\

DQG DVVLJQV HDFK SOD\ DQ HTXDO SUREDELOLW\ RI EHLQJ UHSHDWHG LQ WKH IXWXUH� %DVHG RQ WKLV

DVVXPSWLRQ� SOD\HU L �QG KHU RSWLPXP VWUDWHJ\ DQG SOD\V WKDW�

7KXV LI WKH RSSRQHQW KDG SOD\HG T  � WZLFH DQG T  � WZLFH DQG T  � RQFH� SOD\HU

L ZRXOG DVVLJQ D SUREDELOLW\ RI ��� WR ERWK T  � DQG T  � DQG ��� WR T  �� 3OD\HU L

ZRXOG WKHQ RSWLPL]H ZLWK UHVSHFW WR WKDW HVWLPDWHG PL[HG VWUDWHJ\�

6KDSOH\ ������ VKRZHG WKDW �FWLWLRXV SOD\ DOJRULWKPV ZLOO QRW DOZD\V FRQYHUJH WR D

&RXUQRW�1DVK PL[HG VWUDWHJ\ HTXLOLEULXP� EXW LW DSSHDUV WR ZRUN ZHOO LQ WKLV FDVH� ,Q

DOO FDVHV DQDO\]HG� WKH DOJRULWKP FRQYHUJHG UDSLGO\ WR DQ HTXLOLEULXP� 2QFH D SRVVLEOH

&RXUQRW�1DVK HTXLOLEULXP LV IRXQG ZLWK WKLV DOJRULWKP� LW LV VWUDLJKWIRUZDUG WR FKHFN
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QXPHULFDOO\ WKDW LW LV LQ IDFW VXFK DQ HTXLOLEULXP�� ,Q HYHU\ FDVH� WKH DOJRULWKP FRQYHUJHG

WR DQ DFWXDO &RXUQRW�1DVK HTXLOLEULXP�

2QH PRGL�FDWLRQ RI WKH DOJRULWKP KDV EHHQ XVHG� ZKLFK DSSHDUV WR VSHHG XS FRQYHU�

JHQFH DQG ZKLFK FHUWDLQO\ VLPSOL�HV WKH DSSHDUDQFH RI DSSUR[LPDWH HTXLOLEULD� 7KLV LV WR

HOLPLQDWH SXUH VWUDWHJLHV WKDW DUH FDOFXODWHG DW YHU\ HDUO\ VWDJHV RI WKH LWHUDWLYH SURFHVV� $W

WKHVH HDUO\ VWDJHV WKH RSWLPL]HG UHVSRQVH TXDQWLW\ LV EDVHG RQ HVWLPDWHV RI WKH RSSRQHQWV

PL[HG VWUDWHJ\ WKDW DUH TXLWH FUXGH� &RQVHTXHQWO\ WKHVH HDUO\ ?RSWLPDO� UHVSRQVHV DUH

LQDFFXUDWH DQG RIWHQ LQYROYH T
V WKDW DUH QRW SDUW RI WKH WUXH HTXLOLEULXP GLVWULEXWLRQ RI

T
V� )RU LQVWDQFH� ZKHQ WKH DFWXDO PL[HG VWUDWHJ\ LV VLPSO\ D PL[WXUH RI T  � DQG T  ��

HDUO\ RSWLPDO UHVSRQVHV EDVHG RQ LQDFFXUDWH HVWLPDWHV RI WKH WUXH VWUDWHJ\ PD\ LQYROYH

T  ���� T  ���� RU HYHQ T  �� %\ HOLPLQDWLQJ WKHVH HDUO\ UHVSRQVHV� ZH FDQ RIWHQ �QG D

�QDO HVWLPDWH WKDW LQYROYHV RQO\ WKH T
V WKDW DUH DFWXDOO\ SDUW RI WKH PL[HG HTXLOLEULXP� 2I

FRXUVH LI ZH OHIW WKH HDUO\ RQHV LQ� WKH LWHUDWLRQ SURFHVV ZRXOG VWLOO FRQYHUJH WR WKH FRUUHFW

DQVZHU� EHFDXVH WKHVH YDOXHV ZRXOG QHYHU EH UHSHDWHG� DQG VR DV LWHUDWLRQ FRQWLQXHG WKHLU

SUREDELOLWLHV ZRXOG GLPLQLVK WRZDUGV ]HUR�

8VLQJ WKLV PHWKRG� ZH H[DPLQHG PDUNHW RXWFRPHV IRU YDULRXV OLQH FDSDFLWLHV XVLQJ WZR

GL�HUHQW GHPDQG PRGHOV� 7KH �UVW PRGHO XVHV D OLQHDU GHPDQG IXQFWLRQ RI T  ��� S DQG

KDV VXSSOLHUV ZLWK D FRQVWDQW PDUJLQDO FRVW RI ]HUR� 7KH VHFRQG PRGHO DVVXPHV GHPDQG

ZLWK D FRQVWDQW HODVWLFLW\� RI �� DQG VXSSOLHUV ZLWK FRQVWDQW PDUJLQDO FRVWV HTXDO WR RQH�

7KH UHVXOWV IURP HDFK RI WKH PRGHOV IXUWKHU VXSSRUW WKH DQDO\WLFDO FRQFOXVLRQV RI WKH

SUHYLRXV VHFWLRQV� /LQH FDSDFLW\ KDV D FOHDU DQG SURQRXQFHG H�HFW RQ WKH RXWSXW RI ERWK

FRPSHWLWRUV� )LJXUHV � DQG � VKRZ WKH FKDQJHV LQ H[SHFWHG SULFHV LQ HDFK PDUNHW IRU

WKH GHPDQG IXQFWLRQV ZH PRGHOHG� ,Q HDFK RI WKH FDVHV� LQFUHDVHV LQ OLQH FDSDFLW\ FDXVH

D PRQRWRQLF GHFOLQH LQ WKH H[SHFWHG PDUNHW SULFH DQG D PRQRWRQLF LQFUHDVH LQ H[SHFWHG

TXDQWLWLHV SURGXFHG XS WR WKH SRLQW WKDW WKH XQFRQVWUDLQHG &RXUQRW GXRSRO\ HTXLOLEULXP LV

UHDFKHG� %H\RQG WKH OLQH FDSDFLW\ WKDW \LHOGV WKH XQFRQVWUDLQHG RXWFRPH� IXUWKHU LQFUHDVHV

KDYH QR H�HFW�

,Q ERWK RI WKHVH PRGHOV� ZH �QG WKDW VPDOO LQFUHDVHV LQ OLQH FDSDFLWLHV FDQ \LHOG

RXWSXW LQFUHDVHV PXFK ODUJHU WKDQ WKH DGGHG OLQH FDSDFLW\� 7KLV LV FRQVLVWHQW ZLWK WKH

DQDO\WLF FRQFOXVLRQ WKDW WKH OLQH FDSDFLW\ QHFHVVDU\ WR FRPSOHWHO\ PHUJH WKH WZR PDUNHWV

� :H GR WKLV E\ HVWDEOLVKLQJ WKDW WKH SUR�WV DUH HTXDO IRU WKH VWUDWHJLHV RYHU ZKLFK D �UP LV UDQGRPL]LQJ
DQG JUHDWHU WKDQ DOO RWKHU TXDQWLW\ FKRLFHV�

�
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LV UHODWLYHO\ VPDOO FRPSDUHG WR WKH DGGHG RXWSXW WKDW VXFK D PHUJLQJ SURGXFHV� ,Q ERWK

PRGHOV� HYHQ VPDOO OLQHV SURGXFHG ELJ EHQH�WV� ,Q IDFW� WKH PDUJLQDO H�HFW RI LQFUHDVHG

OLQH VL]H DSSHDUV JHQHUDOO\ WR EH JUHDWHVW ZKHQ WKH OLQH LV YHU\ WKLQ� WKRXJK WKH VORSH GRHV

QRW DSSHDU WR FKDQJH PRQRWRQLFDOO\�

:LWK OLQHDU GHPDQG DQG D WUDQVPLVVLRQ OLQH WKDW LVQ
W YHU\ WKLQ� WKH PL[HG�VWUDWHJ\

HTXLOLEULXP WKDW REWDLQV IURP WKH VHDUFK DOJRULWKP FRQVLVWV RI PL[LQJ RYHU WZR VWUDWHJLHV��

$V WKH OLQH FDSDFLW\ GHFOLQHV� WKH GL�HUHQFH EHWZHHQ WKH WZR TXDQWLWLHV RYHU ZKLFK WKH

�UP PL[HV LQ HTXLOLEULXP DOVR GHFOLQHV� $W VRPH OLQH VL]H �LQ WKH OLQHDU GHPDQG FDVH�

DW DERXW RQH��IWK RI WKH OLQH VL]H WKDW \LHOGV WKH XQFRQVWUDLQHG RXWFRPH�� WKH QXPEHU RI

GLVWLQFW TXDQWLWLHV RYHU ZKLFK WKH �UP PL[HV LQ LWV HTXLOLEULXP VWUDWHJ\ ULVHV WR WKUHH� :LWK

VWLOO WKLQQHU OLQHV� WKH QXPEHU ULVHV IXUWKHU� :LWK FRQVWDQW HODVWLFLW\ GHPDQG� WKH VHDUFK

DOJRULWKP \LHOGHG VLPLODU UHVXOWV H[FHSW WKDW LQVWHDG RI WZR GLVWLQFW TXDQWLW\ FKRLFHV WKHUH

DSSHDU WR EH WZR GLVWLQFW TXDQWLW\ UHJLRQV� D ELPRGDO GLVWULEXWLRQ ZLWK SRVLWLYH SUREDELOLW\

LQ RQO\ WZR QDUURZ UHJLRQV� EXW QRW VR QDUURZ WKDW WKH\ FDQ FOHDUO\ EH DWWULEXWHG WR

FRPSXWHU DSSUR[LPDWLRQ�

5HIHUHQFHV

)XGHQEHUJ� '� DQG '�.� /HYLQH ������� 7KHRU\ RI /HDUQLQJ LQ *DPHV� �&DPEULGJH� 0$��

0,7 3UHVV��

6KDSOH\� /� ������� ?6RPH 7RSLFV LQ 7ZR�3HUVRQ *DPHV� LQ $GYDQFHV LQ *DPH 7KRHU\�

'UHVFKHU� 6KDSOH\� DQG 7XFNHU� HGV�� �3ULQFHWRQ� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV��

� ,Q VRPH FDVHV� WKH SURJUDP LQGLFDWHG HTXLOLEULXP VWUDWHJLHV LQFOXGLQJ WZR SULFHV WKDW ZHUH DGMDFHQW
RU QHDUO\ DGMDFHQW LQ WKH JULG RYHU ZKLFK WKH SURJUDP VHDUFKHG� :H FRQVLGHUHG WKHVH WR EH D VLQJOH
SRLQW LQ WKH PL[LQJ GLVWULEXWLRQ�
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FIGURE 4: Expected Price as a Function of Line Size
Linear Demand (Q=10-P) and Constant Marginal Cost (MC=0)
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FIGURE 5: Expected Price as a Function of Line Size
Constant Elasticity Demand (Q=125/P**2) and Constant Marginal Cost (MC=1)
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